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This paper is concerned with nonlocal Kirchhoff’s equation⎧⎪⎪⎨
⎪⎪⎩
−
(
a + b
∫
Ω
|∇u|2
)
u = f (x,u) in Ω,
u = 0 on ∂Ω,
via variational methods and invariant sets of descent ﬂow. We obtain existence of signed
and sign-changing solutions with asymptotically 3-linear bounded nonlinearity.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction and main result
This paper is concerned with the existence of signed and sign-changing solutions for the following nonlocal Kirchhoff
type problems⎧⎪⎨
⎪⎩
−
(
a + b
∫
Ω
|∇u|2
)
u = f (x,u) in Ω,
u = 0 on ∂Ω,
(1.1)
where Ω is a smooth bounded domain in RN (N = 1,2, or 3), a,b > 0.
Below by | · |q we denote the usual Lq-norm, C or Ci stand for different positive constants. For the nonlinearity, we as-
sume:
( f1) f (x, t) is locally Lipschitz continuous in t ∈R, uniformly in x ∈ Ω;
( f2) | f (x, t)| C(|t|p−1 + 1) for some
2 < p < 2∗ =
{ 2n
n−2 , n 3,
+∞, n = 1,2,
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F (x, t) =
t∫
0
f (x, s)ds 0.
( f3) f (x,u) = g∞(x)u3 + r(x,u), where
(i) r(x,u)/u3 is bounded on Ω ×R \ {0}, r(x,u) = o(u3) as |u| → ∞ uniformly in x,
(ii) g∞ ∈ C(Ω,R) is bounded, m({x ∈ Ω: g∞(x) = 0}) > 0 where m(·) is Lebesgue measure, and satisﬁes −v =
g∞(x)v3, x ∈ Ω , has no nontrivial solution.
f (x,u) is called asymptotically 3-linear bounded provided that ( f3) holds.
Nonlocal problems have received growing attention in recent years (see [1–13]), and model several biological systems
where u describes a process which depends on the average of itself, for example the population density, see [1]. Eq. (1.1) is
related to the stationary analogue of the equation
utt −
(
a + b
∫
Ω
|∇u|2
)
u = g(x,u) (1.2)
proposed by Kirchhoff [2] as an extension of the classical D’Alembert’s wave equation for free vibrations of elastic strings.
Kirchhoff’s model takes into account the changes in length of the string produced by transverse vibrations. Some early
classical studies of Kirchhoff equations were Bernstein [3] and Pohožaev [4]. However, Eq. (1.2) received much attention
only after Lions [5] proposed an abstract framework to the problem. Some interesting results can be found in [6,8,9] and
the references therein.
We list some recent results in this direction as follows. K. Perera and Z. Zhang [10] obtained the signed and sign-changing
solutions of Eq. (1.1) by using the theory of Yang index and critical group if λ,μ is not an eigenvalue of (1.3) and (1.4) below,
respectively, i.e.,{−u = λu in Ω,
u = 0 on ∂Ω, (1.3)
and {−‖u‖2u = μu3 in Ω,
u = 0 on ∂Ω, (1.4)
where
lim
t→0
f (x, t)
at
= λ, lim|t|→+∞
f (x, t)
bt3
= μ, uniformly in x. (1.5)
In [11], via invariant sets of descent ﬂow, Z. Zhang and K. Perera revisited (1.1) in case of asymptotically 4-linear and
obtained the following result.
Theorem A (Asymptotically 4-linear). Problem (1.1) has a negative solution, a positive solution and a sign changing solution in the
following cases:
(i) ( f1) and ( f2) hold, and
1) λ2 is the second eigenvalue of (1.3),
∃λ > λ2, F (x,u) aλ
2
u2, |u| small, (1.6)
2) μ1 is the ﬁrst eigenvalue of (1.4), μ < μ1 , where μ s.t.
lim|t|→+∞
f (x, t)
bt3
= μ uniformly in x, (1.7)
(ii) ( f1), ( f2) and (1.7) hold, μ > μ2 is not eigenvalue of (1.4), and
F (x,u) aλ1
2
u2, |u| small, (1.8)
where λ1 is the ﬁrst eigenvalue of (1.3), μ2 is the second eigenvalue of (1.4).
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and multiple solutions of Eq. (1.1) in case of 4-superlinear. X. He and W. Zou [13] considered⎧⎪⎨
⎪⎩
−
(
a + b
∫
Ω
|∇u|2
)
u = λ f (x,u) in Ω,
u = 0 on ∂Ω,
with f having an oscillation behavior, and obtained a sequence of positive solutions as the local minima of the energy
functional.
Motivated by [10,11], we intend to search for signed and sign-changing solutions of (1.1) with asymptotically 3-linear
bounded nonlinearity.
Case of asymptotically linear leads to the nonlinear eigenvalue problem (1.4) (see [11]), whose eigenvalues are the critical
values of the functional
I(u) = ‖u‖4, u ∈ S :=
{
u ∈ H = H10(Ω):
∫
Ω
|u|4 = 1
}
.
As shown in [11], I satisﬁes the Palais–Smale condition (PS) and that the ﬁrst eigenvalue μ1 > 0 obtained by minimizing
I has an eigenfunction ψ > 0. Furthermore a second eigenvalue μ2 μ1 is deﬁned in [11], so σdisc(I) = ∅.
Note that Eq. (1.1) has a variational structure. More precisely, solutions of (1.1) are critical points of a C1 functional Φ .
Recall that a sequence (un) ⊂ H , is said to be a Palais–Smale sequence of Φ provided that Φ(un) is bounded and Φ ′(un) → 0
in H∗ . The compactness of such sequences strongly depends on the behavior of the nonlinear f . In order to control this
asymptotic behaviors of f near zero and inﬁnity, motivated by [14], we introduce the following quantities:
f∗ = lim inf|t|→0 infx∈Ω
f (x, t)
at
, f ∗ = limsup
|t|→0
sup
x∈Ω
f (x, t)
at
,
f∗∗ = lim inf|t|→∞ infx∈Ω
f (x, t)
bt3
, f ∗∗ = limsup
|t|→∞
sup
x∈Ω
f (x, t)
bt3
.
These quantities make sense when ( f3) is satisﬁed. It is clear that
0 f∗  f ∗, 0 f∗∗  f ∗∗.
We then assume:
( f4) [ f∗, f ∗] ∩ [λ1,+∞) = ∅;
( f5) [ f∗∗, f ∗∗] ∩ [0,μ2] = ∅.
We are ready to state our main result.
Theorem 1.1. Assume ( f1)–( f5) hold. Then problem (1.1) has a positive solutions, a negative solutions, and a sign-changing solution.
Remark 1.1. Compared with (1.7) of Theorem A, the nonlinearity f (x,u) here are more different from that in [10,11].
2. Variational setting and proof
H = H10(Ω) is the usual Sobolev space endowed with norm ‖u‖ = (
∫
Ω
|∇u|2) 12 . Since Ω is a bounded domain, it is
known that H ↪→ Ls(Ω) continuously for s ∈ [1,2∗], compactly for s ∈ [1,2∗), and there exists γs such that
|u|s  γs‖u‖, ∀u ∈ H .
Recall that a function u ∈ H is called a weak solution of (1.1) if(
a + b‖u‖2)∫
Ω
∇u · ∇v =
∫
Ω
f (x,u)v, ∀v ∈ H .
Weak solutions are the critical points of the C1 functional
Φ(u) := a
2
‖u‖2 + b
4
‖u‖4 − Ψ (u), ∀u ∈ H,
where
Ψ (u) :=
∫
F (x,u), ∀u ∈ H .
Ω
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Φ ′(u)v = (a + b‖u‖2)∫
Ω
∇u · ∇v −
∫
Ω
f (x,u)v, ∀u, v ∈ H .
They are also classical solutions if f (x,u) is locally Lipschitz on Ω ×R1.
Properties (especially, boundedness and compactness) of Palais–Smale sequences of the associated energy functional
plays an essential role. As usual, main diﬃculty lies in the proof is to prove the compactness of Palais–Smale sequences.
Lemma 2.1. Suppose ( f1)–( f3) are satisﬁed. Then Φ satisﬁes (PS).
Proof. Let (un)n be a sequence with (Φ(un))n is bounded and Φ ′(un) → 0 in H∗ as n → ∞.
We ﬁrst show that (un)n is bounded in H . For this we suppose by contradiction that, passing to subsequence,
‖un‖ → ∞ as n → ∞. (2.1)
We put vn := un‖un‖ . Passing to a subsequence, we may assume that vn ⇀ v ∈ H and
vn(x) → v(x) a.e. on Ω. (2.2)
We deﬁne gn : Ω →R by
gn(x) =
{
f (x,un(x))
bu3n(x)
, un(x) = 0,
0, un(x) = 0.
(2.3)
Then gn ∈ L∞(Ω) and |gn| |g∞|∞ + | r(x,u)bu3 |∞ . Hence, passing to a subsequence, we assume that gn converge in the weak∗
topology to some function g˜ ∈ L∞(Ω). Here the weak∗ topology refers to the identiﬁcation of L∞(Ω) with the topological
dual of L1(Ω). We claim that vn → v in H and v is a weak solution of the equation
−v = g(x)v3, x ∈ Ω.
Indeed, let w ∈ H , passing to the limit in
(Φ ′(un),w)
(a + b‖un‖2)‖un‖ =
∫
Ω
∇vn · ∇w −
∫
Ω
gn(x)
v3n
1+ a
b‖un‖2
w (2.4)
which gives∫
Ω
∇vn · ∇w − g˜v3w = 0 (2.5)
and passing to the limit in (2.4) with w = vn − v shows that ‖v‖ = 1, so vn → v and v satisﬁes
−v = g˜v3, x ∈ Ω. (2.6)
By the uniqueness of limit, g∞ = g˜ , this contradicts ( f3).
Thus we conclude that (un)n is bounded in H . Passing again to a subsequence, we may assume that un ⇀ u in H∗ . Set
wn := un − u, then wn ⇀ 0 and wn → 0 in Ls(Ω) for s ∈ [2,2∗). In order to establish strong convergence it suﬃce to show
that ‖wn‖ → 0.(
Φ ′(un) − Φ ′(u),wn
)+ ∫
Ω
[
(x,un) − f (x,u)
]
wn =
(
a + b‖un‖2
)‖wn‖2 +
∫
Ω
∇u · wn
(
b‖un‖2 − ‖u‖2
)
implies that ‖wn‖ → 0. We conclude that un → u in H , and this ﬁnishes the proof. 
Let X = C10(Ω) with the norm
‖u‖X = max
0|α|1
sup
x∈Ω
∣∣Dαu(x)∣∣,
which is densely embedded in H . By the elliptic regularity theory, the critical point set K := {u ∈ H: Φ ′(u) = 0} ⊂ X under
the assumption that (x,u) → f (x,u) is continuous in Ω ×R1, and locally Lipschitz continuous for u uniformly in x ∈ Ω . Let
Φ˜ = Φ|X , we know Φ˜ is a C2−0 functional deﬁned on X .
A. Mao, S. Luan / J. Math. Anal. Appl. 383 (2011) 239–243 243Deﬁnition 2.1. (See [15].) We call M is an invariant set of descent ﬂow of Φ˜ if M ⊂ X and {u(t,u0): u0 ∈ M, t ∈
[0, T (u0))} ⊂ M .
Note that for any pseudo gradient vector, X is an invariant set of descent ﬂow of Φ˜ . Let PH := {u ∈ H: u  0
almost everywhere}, then P := PH ∩ X = {u ∈ C10(Ω): u  0} is a positive cone in X , which has nonempty interior points P˚ .
As shown in [11], P , P˚ are invariant sets of Φ˜ , the negative cone −P and its interior − P˚ are also invariant sets of Φ˜ .
Deﬁnition 2.2. (See [15].) Assume M ⊂ D are invariant sets of descent ﬂow of Φ˜ . We call
CD(M) :=
{
u0 ∈ D: u(t,u0) ∈ M for some t ∈
[
0, T (u0)
)}
is the invariant set of descent ﬂow expanded by D . Setting
C (M) :=CX (M) =
{
u0 ∈ X: u(t,u0) ∈ M for some t ∈ [0, T (u0))
}⊃ M.
We call M is complete if C (M) = M (which implies that {u(t,u0): u0 ∈ X \ M, t ∈ [0, T (u0))} ∩ M = ∅).
Lemma 2.2. (See [15].) Let M ⊂ X be an invariant set. If inf Φ˜(M) = c > −∞ and M is closed in X, then Φ˜ achieves the inﬁmum at a
critical point in M.
Now we give the proof of main result.
Proof of Theorem 1.1. It follows from ( f2)( f4) that
F (x,u) aλ1
2
u2 + C |u|p . (2.7)
For μ > μ2 and ε ∈ (0,μ − μ2), ( f2)–( f5) imply that
F (x,u) b(μ − ε/2)
4
u4 − C . (2.8)
Hence the (3.6)–(3.9) of [11] are satisﬁed. Using Lemma 2.2 and proceeding similarly as in the asymptotically case (iii)
of Theorem 1.1 of [11], we can obtain a positive solutions, a negative solutions, and a sign-changing solution of Eq. (1.1). 
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